Multiphonon capture processes are investigated theoretically and found to contribute efficiently to the carrier injection into quantum dots. It is shown that two-phonon capture contributes where single-phonon capture is energetically inhibited and can lead to electron capture times of a few picoseconds at room temperature and carrier densities of 10 17 cm Ϫ3 in the barrier.
I. INTRODUCTION
Quantum-dot ͑QD͒ lasers with record low-threshold currents have now been realized in several laboratories 1-3 with self-assembled QDs. Carriers in such lasers are electrically pumped into layers around the dots. Thereafter, they are captured into the dots and relax via the excited QD energy levels to the lower-lying lasing levels. The properties of such lasers thus rely on efficient carrier feeding to the active QD states. The processes involved, carrier capture into the dots and intradot relaxation, have been under extensive research during the past decade, both experimentally and theoretically. 4 -15 Two different capture and relaxation processes have been considered; via carrier-carrier interaction ͑Auger processes͒ 5, 6, 13, 14 or via carrier-phonon coupling. 6, 7, [10] [11] [12] In Ref. 7 , capture of a carrier from the wetting layer ͑WL͒ to the first excited state in a cone-shaped dot, via emission of one longitudinal optical ͑LO͒ phonon, is found to exhibit strong resonances versus dot size. At resonance, the process is shown to be efficient, leading to short capture times in the picosecond range. In this article, we investigate capture of carriers from states in the continuous bulk energy spectrum into the discrete states of QDs via emission of one or two LO phonons. Expressions for the single-and two-phonon capture rates will be derived. Two-phonon capture will be shown to be efficient for states lying too deep for carriers to be captured in a single-phonon process and we will study the role of the different intermediate states in this kind of capture. We will show that two-phonon capture processes can lead to electron capture times of a few picoseconds at room temperature and carrier densities of 10 17 cm Ϫ3 in the barrier. We are not aware of any other investigations of two LO-phonon mediated capture processes in QDs.
II. MODEL
The capture of carriers ͑electrons or holes͒ from threedimensional ͑3D͒ states in the continuous part of the energy spectrum into discrete QD states via emission of one or two phonons can be described by a set of rate equations. 16 We assume that all the QDs are identical, each containing a single energy level. The rate equations for the occupation probability, , of a single QD state and the 3D carrier density, n, are then written as
where N D is the number of quantum dots per unit volume. For Ӷ1, the rate R gives the mean number of carriers entering the QD state per unit time. It can be measured, in particular, in time-resolved photoluminescence experiments the photoluminescence rise time, ϭ1/R. Below, will be denoted the capture time. The factor of 2 in Eq. ͑2͒ is due to spin degeneracy of the QD level. In Eqs. ͑1͒ and ͑2͒, spontaneous recombination is neglected for simplicity as it is expected to take place on a much longer time scale, and only terms involving the capture process are included. Equation ͑1͒ can also be expressed in terms of the QD carrier density, n QD ϭ2N D ͑factor 2 due to spin͒, as
We will show later in this article that for low to moderate 3D carrier densities n, the rate R is, to a good approximation, proportional to n:
where A is independent of n. In this case, Eq. ͑2͒ becomes
In Eq. ͑6͒, we have defined the effective capture time
It is important to note that c depends on the 3D density of dots, N D , whereas is the property of a single dot, i.e., it is independent of N D . The effective capture time c is an es-sential parameter in laser dynamics, e.g., through nonlinear gain. 15, 17 In the following sections, we will derive expressions for the capture time and estimate the effective capture time c in single-and two-phonon capture processes. In general, the rate of carrier capture into an empty QD state of definite spin can be written as
where w(k) is the probability per unit time that the transition will take place for a carrier in the continuous part of the energy spectrum, k being the carrier wave vector. f is the Fermi distribution of the thermalized electron distribution and k is the energy of the incident carrier.
A. Single-phonon capture
The single-phonon-mediated capture process ͑with emission of one LO phonon͒ is illustrated schematically in Fig. 1 . The probability that the carrier is captured into a QD state by emitting a phonon of wave vector q can be expressed with Fermi's Golden Rule:
where E i (E f ) is the energy of the initial ͑final͒ state, k is the wave vector characterizing the carrier state in the continuous spectrum, V em is the Hamiltonian for phonon emission and V fi em (q) is the matrix element of V em between the initial and final state. It has been shown 8, 18 that carriers in discrete QD states can couple strongly to LO phonons, forming polarons. The formation of polarons can strongly affect carrier relaxation in QDs. This analysis has been extended to the interaction of carriers in quasibound states with LO phonons 19 where we have shown that polarons can also be formed with carriers in quasibound states. However, in this article, we consider carrier capture in the framework of standard perturbation theory 20 and neglect the influence of quasibound states on the carrier capture, so that the initial carrier states in the continuous spectrum are described with plane waves ͑see below͒. 5, 7, 13 We use a bulk model for the phonon modes, although the phonon spectrum and phonon modes in semiconductor nanostructures can be modified in comparison with bulk semiconductors. For instance, it was shown 21 that the LO-phonon modes in CdSe/ZnSe QD structures are of mixed character, localized in the QD and extended along a two-dimensional ͑2D͒ remnant layer ͑RL͒. The detailed consideration of phonon modes in QD structures can be necessary, in particular, for a theoretical explanation 21 of resonance features in the PL spectra at low temperatures, which are attributed to carriers in the RL in an excitonic state of definite discrete energy. In this article, we concentrate on QD structures ͑GaAs/AlGaAs, 22 for instance, and QD laser structures 1-3 ͒, where the material characteristics that define the spatial distribution of phonon modes do not differ significantly in the QD and the barrier material. For such structures, the bulk model for phonons has provided a good description of dephasing rates, 22, 23 polaron effects, 24 and capture processes. 7 Note, also, that LO-phonon carrier relaxation rates in quantum wells do not differ significantly, when calculated by either using bulk or confined LO phonons. 25 Furthermore, we are mainly interested in the carrier dynamics of QD lasers at room temperature. Therefore, we neglect also excitonic effects of carriers in the continuous spectrum. The Hamiltonian for the carrier-LO phonon interaction is given by
where V q abs and V q em correspond to phonon absorption and emission, respectively. They are given by
where C q are the polar coupling coefficients for carrier-LO phonon interaction and â q (â q † ) is the operator of annihilation ͑creation͒ of an LO phonon with wave vector q. The coupling coefficient is given by
where ប LO is the LO phonon energy, e is the electronic charge, ⍀ is the normalization volume, 0 the permittivity constant, and
where ϱ () is the high-frequency ͑static͒ dielectric constant. Note that spin is conserved in a phonon-capture process. Therefore, Eq. ͑8͒ does not contain a sum over spins. In this single-phonon capture process, the initial and final phonon states differ only in the number of phonons in mode q n q f ϭn q i ϩ1, ͑15͒ so that where d is the QD level binding energy. ͉k͘ is the initial carrier state in the continuum and ͉d͘ is the final carrier state ͑in the QD͒. The onset of the continuous energy spectrum is at the QD barrier. We have averaged over the equilibrium phonon distribution in the initial state ͉i͘, which gives the factor (n ϩ1) with
.
͑17͒
It is assumed in Eq. ͑16͒ that the LO phonons have zero dispersion. The probability, w(k), is now obtained by summing over all emitted phonon modes, q:
Hence,
where k0 1p ϭប LO Ϫ d and we have inserted ͉C q ͉ 2 from Eq. ͑13͒. It is useful to write the capture rate in terms of the 3D density of states. We rewrite Eq. ͑20͒ in terms of g 3D , the 3D density of states ͑DOS͒,
where k 0 fulfills k0 1p ϭប 2 k 0 2 /(2m*) and the summation over k 0 denotes an integration over the directions of the vector k 0 . g 3D is given by
0,
Ͻ0.
͑22͒
Furthermore, a dimensionless ''DOS'' can be defined in terms of g 3D :
where
has the property that d 3D 1p ( k0 1p )ϭ1 when a new level appears in the QD and d 3D 1p ( k0 1p )ϭ0 when the level becomes too deep for single-phonon capture to be possible. Expression ͑21͒ can then be simplified further by writing
The factor R 0 1p is given by
where fulfills ប LO ϭប 2 2 /(2m*). This factor, therefore, gives information about the interaction through the amplitude of the carrier-LO-phonon interaction matrix element and has the unit of s Ϫ1 as the capture rate. As described above, the initial state in the barrier can be modeled by a plane wave:
This approximation neglects the influence of scattered waves in the QD and hence, in particular, the quasibound states over the dot are not seen.
B. Two-phonon capture
Capture via emission of two phonons has the advantage that it can take place to states with binding energies d that fulfill 0Ͻ d р2ប LO , whereas single-phonon capture can only take place for 0Ͻ d рប LO . For the two-phonon capture, the transition probability can be written as
where w(k, q 1 , q 2 ) is the probability of carrier capture via emission of two phonons with wave vectors q 1 and q 2 . Second-order perturbation theory gives 20 ͑see the Appendix͒ From Eq. ͑28͒, we obtain
Using Eq. ͑8͒ we now obtain for the capture rate
where k0 2p ϭ2ប LO Ϫ d and we have inserted ͉C q ͉ 2 from Eq. ͑13͒. This expression can be rewritten in terms of the 3D DOS in the same manner as Eq. ͑21͒ was obtained
where the sum over k 0 denotes, as before, an integral over the directions of k 0 . This expression can also be written in terms of a dimensionless DOS
The dimensionless DOS for this two-phonon capture process is defined as 
where p stands for the quantum numbers describing intermediate discrete QD states.
C. Quantum-dot wave functions and energy levels
In a real situation of self-assembled QDs, the dots are formed on the interface of two lattice-mismatched materials. The dots' shape is in many cases believed to be a truncated pyramid, 28 coupled to a common two-dimensional layer; the wetting layer. Carriers are captured into the dots primarily via this 2D layer. Moreover, the QD energy spectra and wave functions are strongly modified due to the presence of strain in these structures 29, 33 and, in fact, the precise size and shape of dots is not known. The purpose of this article is to investigate two-phonon capture processes and the time scale on which these occur in comparison to single-phonon processes. To achieve this purpose, we use the spherical model of a QD with finite confinement
where V 0 Ͼ0 and a is the QD radius. In this case, the wave function for bound QD states is given by
where Y l m are the spherical harmonics and the radial part of the wave function, G l n , can be expressed through the spherical Bessel function ͑see, for instance, Ref. 30͒. The number n stands for the nth level of angular momentum l , which becomes bound to the dot. The quantum number n should not be confused with the carrier density. Note that the spherical model is explored effectively in modeling of chemically synthesized colloidal QDs, which have a spherical shape, and on which gain has recently been obtained. 31, 32 
III. RESULTS
The material parameters are chosen to be those of bulk GaAs. The phonon energy is set to be ប LO ϭ35 meV. The carriers are assumed to be electrons of effective mass m* ϭ0.07m 0 , where m 0 is the free-electron mass. The confinement potential is set to be V 0 ϭ200 meV ͑close to the value in Ref. 33͒. Furthermore, unless otherwise stated, we use T ϭ300 K and nϭ10 17 cm Ϫ3 . Figure 3 ‫ץ‬n ‫ץ‬t
In Eq. ͑44͒, we have used that R l ,m ϩ1/2 ϭR l ,m Ϫ1/2 ϵR l ,m , and hence, the factor of 2.
A. Single-phonon capture
The single-phonon capture time for the individual angular momentum states, l , i.e., l , is shown in Fig. 4 other results. 7 The bands are seen to nearly cover the dot size range apart from two narrow gaps on the lower radius side. The lower end of a radius band, aϭa min , is defined by the appearance of a new level in the QD to which capture may take place. The increase in at this end essentially follows the decrease in R 0 1p as a→a min ϩ . In this limit, the ''volume'' of the QD wave function tends to infinity due to the weaker binding to the dot and R 0 1p decreases. The rate approaches zero at the higher end of each radius band ͑ approaches infinity͒ beyond which the binding energy of the level is larger than the phonon energy. The abrupt increase in at this end can be explained in terms of the DOS of the incident carrier as k0 1p →0 ϩ ͓see Eqs. ͑24͒ and ͑25͔͒. The capture times are typically of the order of 0.2-0.3 ps at the radius band minima. In general, our results obtained with the spherical QD model are close to the results of Ref. 7 for a cone QD.
We have also considered the dependence of the capture times on confinement energy. We decreased the confinement energy by a factor of 2; V 0 ϭ100 meV, and calculated the capture times for the first l ϭ0 band. The capture time minimum is found to be similar to the case of V 0 ϭ200 meV but the radius band is broader, 2.5 nm wide, while it is less than 1 nm wide for V 0 ϭ200 meV. The dependence on QD radius is thus less pronounced.
The dependence of the capture rate on temperature for fixed carrier density is shown in Fig. 5 . The temperature dependence occurs via the phonon and Fermi distribution functions as
The behavior of the capture time with temperature follows mainly the behavior of the Fermi factor, since the phonon population factor varies slowly. At low temperatures, both f ( k0 1p ) and n are nearly zero, giving infinite capture times. At TϷ50 K, the capture time reaches a minimum. At low and moderate carrier densities, the minimum occurs at the same temperature. The capture time stays approximately constant (Ϸ0.3 ps) for temperatures above ϳ50 K.
B. Two-phonon capture
In Fig. 6 we show the two-phonon capture time of an electron, l , along with the single-phonon capture time from Fig. 4 for comparison. In general, the radius bands for twophonon capture processes are more than two times as large as the corresponding band for single-phonon capture as the slope of the binding energy ͑Fig. 3͒ decreases with increasing radius. Here, we restrict ourselves to capture into states that have binding energy ប LO Ͻ d р2ប LO and for which the perturbative approach is valid. One can see that the calculated two-phonon capture times into l ϭ0, nϭ1 and l ϭ1, nϭ1 levels are of the order of some picoseconds at n ϭ10 17 cm Ϫ3 . This is approximately an order of magnitude longer than the single-phonon capture times into these states.
The two-phonon capture time into the l ϭ1, nϭ2 level is close to 1 ps, which is only slightly longer than the singlephonon capture time.
We have investigated the influence of the different intermediate states on the total carrier capture rate by ''turning off'' contributions from other states. This analysis has been performed for the the first radius band, l ϭ0, nϭ1, where a single energy level is present in the dot. For instance, at a binding energy d Ϸ2ប LO , the contribution from continuum intermediate states ͑neglecting spin degeneracy͒ gives a capture rate Rϭ2ϫ10 11 s Ϫ1 (ϭ5 ps) and the corresponding contribution from the state itself gives Rϭ4 ϫ10 11 s Ϫ1 . However, the total capture rate, with all contributions included, is smaller; Rϭ8ϫ10 10 s Ϫ1 (ϭ12.5 ps). This suggests that destructive interference between the two contributions takes place. Mathematically, this can be explained by the difference in sign of the denominator in Eq. ͑29͒ corresponding to the different contributions. The denominator corresponding to continuous intermediate states is always negative. Denominators for discrete intermediate states can be either positive or negative depending on the relative level position, the crossing point from negative to positive occuring when an intermediate ͑discrete͒ state is ប LO above the state to be captured into. The interference pattern becomes more complex as more states become bound to the dot and is expected to depend strongly on the energy separation between the different dot levels.
The case of capture into the l ϭ0, nϭ2, 3 band cannot be shown since, in this case, there exist discrete intermediate carrier states lying ប LO above the state to be captured into ͑see Fig. 3͒ . In this case the perturbative approach that we have chosen here is no longer valid ͑see discussion in Sec. II B͒.
In the case of capture into an lϭ1, nϭ1 state, two states are bound to the dot, an lϭ0 state lying deep within the dot and the level lϭ1. Performing an analysis of the contribution from different intermediate states in this situation shows that although the matrix elements corresponding to different intermediate states are approximately of the same order, the contribution via continuous states is the most dominant. This is explained in terms of the denominators; the ones corresponding to the discrete intermediate states are equal to or larger than ប LO while the denominator for continuous states is small and negative. In this particular case, interference between continuous contributions on one hand, discrete on the other, is negligible as the calculations show that they are /2 out of phase.
In the l ϭ1, nϭ2 band, a local decrease is seen in the capture time at aϭ12.8 nm, found to be associated with the binding of the l ϭ2, nϭ2 state. However, no decrease is observed in the capture time with the binding of l ϭ0, n ϭ3 at aϭ13 nm. This can be understood in terms of overlap of the different radial wave functions with the final state wave function. The radial wave functions are shown in Fig. 7  at aϭ13 The capture time dependence on carrier density is shown in Fig. 8 for single-and two-phonon capture into the first l ϭ0 band ͑see Fig. 6͒ . The density dependence occurs via the Fermi filling of the energy level of the incident carrier. At low and moderate carrier densities, the Fermi distribution approaches a Boltzmann distribution, Alternatively, the capture rate can be expressed through the capture cross section as
where v T is the thermal velocity of the electron gas. By comparing Eq. ͑48͒ with Eq. ͑47͒, we obtain that 1p ϭ1.5 ϫ10 Ϫ12 cm 2 and 2p ϭ7.5ϫ10 Ϫ14 cm 2 . The latter value is close to an estimate in a calculation of gain dynamics in QD lasers. 34 At very high carrier densities, the capture rate saturates due to the saturation in the Fermi filling factors. As seen from Fig. 8 , this occurs at nearly the same carrier density for the two different processes. This arises from the fact that the captured carriers have nearly the same energy ( k0 1p ϭ12.8 meV and k0 2p ϭ11.4 meV) and the Fermi filling behaves, therefore, in a similar fashion.
IV. CONCLUSIONS
In conclusion, we have calculated capture times in two LO-phonon-mediated capture processes. The dependence on dot radius, angular momentum quantum number, and carrier density has been investigated. The case of single-phononmediated capture has also been analyzed and the radius bands, where single-phonon capture is allowed, were identified. For a typical carrier density, nϭ10 17 cm Ϫ3 , the minima in single-phonon capture times were typically found to lie between 0.2 and 0.3 ps. In general, the radius bands in the two-phonon capture case were found to be more than two times as large as single-phonon radius bands. We have calculated the two-phonon capture times in the regions where single-phonon capture is not possible. The role of both continuous and discrete intermediate carrier states in twophonon capture was investigated. The importance of the different intermediate states was shown to be dependent upon the relative energy position of the different dot levels and an increase of possible intermediate states does not lead to a simple increase in the capture rate. The influence of the different discrete intermediate states on the total capture rate was shown to depend strongly on the overlap of the radial wave functions of the intermediate and final states. It was found that the two-phonon capture times into l ϭ0, nϭ1 and l ϭ1, nϭ1 levels are of the order of some picoseconds at nϭ10 17 cm Ϫ3 . This is an order of magnitude longer than the single-phonon capture times into these states. The twophonon capture time into l ϭ1, nϭ2 is about 1 ps ͑at n ϭ10 17 cm Ϫ3 ), which is slightly longer than the singlephonon capture time into this level. The two-phononmediated capture has thus been found to contribute efficiently in situations where single-phonon capture is energetically not allowed. 
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APPENDIX: DERIVATION OF THE TRANSITION PROBABILITY OF CAPTURE VIA EMISSION OF TWO LONGITUDINAL OPTICAL PHONONS
The purpose of this Appendix is to give the details in the derivation of Eq. ͑29͒, i.e., the transition probability that a carrier with wave vector k is captured by emitting phonons with given wave vectors q 1 and q 2 . The probability is given by second-order perturbation theory: 20 w͑k, q 1 , q 2 ͒ϭ 2 We assume that the phonons are emitted into two different phonon modes, which we label q 1 and q 2 , so that the initial and final phonon states differ only in the number of phonons in modes q 1 and q 2 ,
n q 2 f ϭn q 2 i ϩ1. ͑A5͒
It can be shown that the contribution from phonons emitted into the same mode is negligible. If we assume that the wave vector of the first emitted phonon is q 1 , so that
